Deep Generative Models

15. Score-based model through SDE




Recap. of score-based model

 Fisher divergence between p(x) and q(x):

1
Dr(p, 4) =5 Ex-pl 1V logp(x) = Vclog g () 1]

e Score matching(Hyvarinen, 2005)

> Ex-paacal 156 (%) = Vx 108 Paaca(0)|I3]

1
=E > g ()15 + tr(Vysg (x))] + const.

X~Pdata

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Denoising score matching with Langevin dynamics

gt

X NCIU(%)
Noise-perturbed
data distribution

4o (i ‘ X)

Perturbation
distribution/kernel

x~p§latq (x)
Data distribution

x~q [”V logCIJ(x) 39(%)”%]

= Expiata0Ex~q,@x) |[Vzlog q5(X|x) — s¢ (3‘?)”%] + const.
1 2
= Ex~p,...0)Ez~N(OD [ ;Z + sg(x + 02z) ] + const.
2

 Pros
e more scalable than score matching
e reduces score estimation to a denoising task
e Con: cannot estimate the score of clean data (noise-free)

sg(x) = V, log q, (x) =V, log Paata (x)
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Denoising score matching with Langevin dynamics

X Nqa(%)
Noise-perturbed
data distribution

¢o(X | X
X~Pdata(X) (X[ x)

Data distribution

Perturbation
distribution/kernel

oG = N 02D, 46 = [ a0, (i)

Pdata (x)
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Denoising score matching with Langevin dynamics

Let g, (X|x) = N(’ic'|x,o'21), CIJ(%) = fpdata(x)CIa(%lx)dx
Consider a sequence of positive noise scales
01 <0y, < <0y
oy is small enough q,. (%) = pgaeq(x)
oy, is large enough q,, (x) = N(x|0, o/1)

Data space Noise space

Pdata
~ N(0,cfI)
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Denoising score matching with Langevin dynamics

* Let q,(X|x) = NX|x,0°]), q;(®) = [ Daqara(%)q,(X|x)dx

e (Consider a sequence of positive noise scales
O-1<O'2<"‘<O-L

 Noise conditional score network

L
—~ N 2
2 07 Ex-paaca0 Ex~ay, i | 156 67) = Ve log q, Fl0)|,
i=1
e Given sufficient data and model capacity, the optimal score-
based model

Sg* (x, O-l) ~ Vx lOg qO'i(x) for o € {0-11 '--;O-L}
» The weights ¢ are related to ¢ « 1/E [||V»,zlogpai(’k'|x)||§]
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Generation with annealed Langevin dynamics

» Foreach g, (x) with oy < 0, <--- < g, Song & Ermond run T
steps of Langevin MCMC to get a sample sequentially

a.
xb =7t 4 ?lsg*(xf_l, o)) +vaiz, t=12,..,T
e where a; > 0 is the step size and z~N (0, I)

O;

a; ‘= €—
2

04

e >0

Generative Modeling by Estimating Gradients of the Data Distribution
Song Yang, and Stefano Ermon. NeurlPS 2019
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Denoising diffusion probabilistic models(DDPM)

» Positive noisescales0 < By < By < PBr<1
* Xo~DPaata(X), cOnstruct latent variables {x,, x{, x5, ..., X7} S.t.

q(xe|xi_q) = N(x¢|\/1 = Bexi—1, Bel)
o le, g(xt|xg) = N(xgl|/@rxg, (1 — ay)I) where a; :==1 — f4,
Ay = Hg:1 As
e Similar to SMLD, we can denote the perturbed data distribution

a(xy) = f 4 (0|0 Pagra (1) dx

Paata q(x,) q(xz) q(xr)
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Denoising diffusion probabilistic models(DDPM)

e A variational Markov chain in the reverse direction is
parametrized with

Po(Xp_1]|x:) = N(x¢e—q1|pg(xe, t), Bel)
1
» where pg(x;, t) = E(-xt + Bese (x4, 1))

e Re-weighted variant of the evidence lower bound
T

_ 2
2(1 o at) Ex~pdata(x)Ext~q(xt|x) [ ”SQ(xt' t) - th log q(xtlx)||2]
t=1
e which is a weighted sum of denoising score matching

sg+(x¢,t) = Vy, logq(x;)
« The weights (1 — @;) are related to

(1 - @) o« 1/E [[|Vx, log q(xc[0)]| |
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Denoising diffusion probabilistic models(DDPM)

« Generate samples by starting from x~N (0, I)
1
* Xt—1 = ﬁ(xt + ﬁtSQ*(xt, t)) + \/EZ, t = T,T — 1, e 2

- -
g

=Ug* (xt’t)

» We call this method ancestral sampling ([TF=; pg (x—1|x¢))

Denoising Diffusion Probabilistic Models
Jonathan Ho, Ajay Jain, Pieter Abbeel. NeurlPS 2020
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Summary of score-based models

« SMLD and DDPM involve sequentially corrupting training data
with slowly increasing noise, and then learning to reverse this
corruption to form a generative model of the data

« SMLD estimates the score at each noise scale and then use
Langevin dynamics to sample from a sequence of decreasing
noise scales during generation

- DDPM trains a sequence of probabilistic models to reverse each
step of the noise corruption, using knowledge of the functional
form of the reverse distributions to make training tractable

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Infinite noise levels

Data distribution

PolX) \L

Data di Perturbed distributions

! !

Po(x)

pdata(x)

te|0,T]
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Score-based model through SDE

« Extend the analysis to an infinite range of noise scales, where the
evolution of perturbed data distributions follows an SDE as the
noise level increases

« The process follows a predefined SDE, which does not depend
oN P4, Without trainable parameters

e This framework provides a way to understand and connect both
the SMLD and DDPM methods by using SDEs
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Score-based model through SDE

e By generalizing the number of noise scales to infinity, we obtain:
e higher quality samples
o exact log-likelihood computation
« controllable generation for inverse problem solving

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Ordinary differential equation

For t > 0, consider an ODE which possesses the following form
dx; = f(xg t)dt

* Xt (S Rd

e f(-,t):R% - R (drift coefficient)

Then {x;};c[o 7] IS @ deterministic curve

Numerically, the ODE can be seen as the limit
Xiy1 = X; + Atf (x;, iAL), i=0,1,--
Under At — 0, where t = (At
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Solution of ODE

* {X¢}tefor) SOlves ODE if it satisfies the
« Differential form of the ODE
dx;
- =[x t)

e Or the integral form of the ODE

t
X = Xg +f f(xg, 5)ds
0

« Example: x; € R
dxt — _thdt
« Then the solution of this ODE is

x; = xge 0t
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Probability space

Q: Sample space (e.g., {H, T} or R%)
F: og-algebra(o-field) on Q
c Q EF
e If Ae F, then A°ce F
e closed under countable union
Probability measure P on (Q, F)
 set function P: F —» R, with P(Q) = 1 (non negativity, null
empty set, countable additivity)
Probability distribution can be regarded as probability space
(Q,F,P)
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Random variable

Measurable function x: ) = E is called random variable if x is a
function from a probability space (Q, F, P) to a measurable space
(E,Z)

The probability that x takes on a value in a measurable set S c E
IS written as

P(x€eS)=P{w € Q|x(w) € S})

We are interested in the image of x
E is called state space

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Stochastic process

T: index set (e.g., {0,1,2,---}, [0,1], [0, 0))
« If foreacht €T, x; is a random variable, then {x;};c7 is called
stochastic process

* {xXtdter IX(O}ter xn, t €T} {x(0,t),w € Q,t €T}
« (O, F,P)with {F:}rer

e |n other words, stochastic process is a collection of random
variables indexed by some index set T
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Brownian motion(a.k.a. Wiener process)

e« The random motion of particles suspended in a medium
 Mathematically, 1-dim BM is characterized by

* wog=20

* w; is almost surely continuous

* w; has independent increments

« w; —ws~N(0,t—s)when0<s<t

W%M
‘ ‘ ,{‘tm&’fi‘v W M A M‘%‘ f

,(‘\"‘
'»"ﬁ
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Brownian motion(a.k.a. Wiener process)

« The random motion of particles suspended in a medium
 Mathematically, 1-dim BM is characterized by
* wog=20
* w; is almost surely continuous
* w; has independent increments

g ey

* W¢ — WS~N(O, t — S) when 0 <s <t '%5,.’:3.;.:3"‘{:

i ity TRl

e d-dim BM Fap F e T
- .-..U.q .‘... :-::.-.i. -......-'-.::
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Brownian motion

* T =[0,)
« E=R
. .QZC([O,OO))

F: Borel g-algebra of )
P: Wiener measure

P(w; €S) = —x*/2t gy

|, &
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Stochastic differential equation

e Fort > 0, consider an SDE which possesses the following form
dx; = f(xq, t)dt + g(t)dw,
e f(-,t):R% - R® (drift coefficient)
« g(t) € R (diffusion coefficient)
« w, denotes a standard Brownian motion
* dw; can be viewed as infinitesimal white noise

* {X¢}tefor IS @ stochastic process

e Numerically, the SDE can be seen as the limit

Xii1 = X; + Atf(x;, iAt) + g(iA)VAtz; =01,
« Under At - 0, where t = iAt and z;~N (0, I)
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Example: 1-dim Ornstein-Uhlenbeck process

« The Ornstein-Uhlenbeck process x; is defined by
dx; = 0(u — xy)dt + odwy
« where § > 0,0 >0, u € R and wy is 1-dim standard Brownian

motion

Ornstein-Uhlenbeck Process Simulations

Ornstein-Uhlenbeck Process Simulations

— Constants —_ Constant:

2 THETA = 0.7 g2 THETA = 0.7

s U=15 s U=15

2z SIGMA = 0.3 2 SIGMA = 0.1

x Initial Value = 3 . Initial Value = 3
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Example: Forward SDE

= Qe Baws 0 =G0 )
« Then, p:(x) = ( ‘(0) ( 0.1+ t))

orward SDE over Time
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Solution of SDE

* {X¢}tefor IS @ solution for SDE if

t t
X = Xg +f f(xg,5)ds +f g(s)dwy
0 0

e The Itd stochastic integral is defined as

t
f g(S)dWS — Al%moz g(lAt) \/A_tZl'
0 =

« where z;~N(0,I)
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Representation of SDE

e Fort > 0, consider an SDE which possesses the following form
dx; = f(xq, t)dt + g(t)dw,
e The solution of an SDE is a continuous collection of random
variables {x}¢ero 11

e« These random variables trace stochastic trajectories as the time
index t grows from the start time 0 to the end time T

« Let p;(x) denote the (marginal) probability density function
of x¢. l.e, [, pr(x)dx = P(x; € A)

« The transition kernel from x; to x; where0 < s <t <T s
denoted by

p(xtlxs)
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Representation of SDE

e Fort > 0, consider an SDE which possesses the following form
dx; = f(xq, t)dt + g(t)dw,
e The solution of an SDE is a continuous collection of random
variables {x}¢eo,1]

« Here, t € [0,T] is analogous
« multiple noise scales index i = 1,2,---, L with SMLD
e variance schedules index t = 1,2,---, T with DDPM

* po(X) = paqtq(x) data distribution

 After perturbing p ,:4(x) With the stochastic process for a
sufficiently long time T, p;(x) becomes close to a tractable noise
distribution m(x), called a prior distribution
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Fokker-Planck equation

The noise perturbation procedure p;(x) under the SDE
dxt — f(xt, t)dt + g(t)th
e is governed by the Fokker-Planck(FP) equation

e Ford =1, the FP equation is
2

g
0¢epr = —0x(fpe) + Bl 02 (pe)
e More precisely, this means

0rpe(x) = —ax(f(x, t)Pt(x)) +

e forallt>0andx eR
e This is a partial differential equation(PDE)

g (t)
2

ay% (Pt(x))

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Fokker-Planck equation (multi-dim)

« The noise perturbation procedure p;(x) under the SDE
dx; = f(x¢, t)dt + g(t)dw,
e is governed by the Fokker-Planck(FP) equation where
g():R > R
e The multi- dim FP equation is

d d
02
Z 0x;0x; Pe(x) z Gir () gjic(t)

j=1 k=1

Ma

01 (x) = Z (fitx O ) + 5

=1 l

[l
[

2

d d d
0 1
Za_ fitx, Ope (%)) +§ZZ T PO i (0)gj,(®)

i=1j=1

Q

=~V (f(x, 0p(0) + gTr(ggTv,Zcpt(x))

1
= =V, (f(x, Op:(x)) + ETr(gTV,cht(x)g)
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Example: Brownian Motion

e For a standard Brownian motion, the Fokker-Planck equation
reduces to the heat equation

1 1
O¢pe(x) = ETF(VJZcPt(x)) = EAth(x)
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Example: 1-dim Ornstein-Uhlenbeck process

« Consider the Ornstein-Uhlenbeck process x; is defined by
dx; = —0Ox.dt + odw;
e Then,

. g2 -
P(xtlxo) =N (xt e thO’Z_Q (1 —e 29t))
o Ifxy~N (O, %2) then

. 1
xXi~N (O %> pe(x) = Wexp [——x ]

* p:(x) satisfies the FP equation

2

0 = 0tpr(x) — ax(fpt(x)) + %af(Pt(x))
2

= ax(prt(x)) + %@%(Pt(x)) =0
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Example: Ornstein-Uhlenbeck process

e The Ornstein-Uhlenbeck process
dxt = _thdt + O-th
« with & > 0 and ¢ > 0 adds noise to the datapoint x;

Paata | pe (%) pr(x)

Deep Generative Models | mjgim@nims.re.kr NIMS & AJOU University



Example: Ornstein-Uhlenbeck process

e The Ornstein-Uhlenbeck process
dxt = _thdt —+ O-th
« with & > 0 and ¢ > 0 adds noise to the datapoint x;

Pdata Pr

2
« Since p(x;lxy) =N (xt|e‘3tx0,g—8(1 — e‘zet)l), we have x is
2
approximately distributed as N (0,2—91) ifo >0and T = oo

2
« Sampling x;~N (0,2—91) IS easy. Can we reverse the SDE to
sample x,?
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Perturbing data with stochastic processes

Perturbed distributions

Po(x) p(x) pr(x)

§ ¥ Stochastic differential equation (SDE)

d _r----g-idt t)d
= =gBu + 9 pr(x)

Deterministic drift

.
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Forward-time ODE

e To simulate
dx; = f(x;, t)dt, X, given
« for 0 < t compute
Xi+1 = Xj + Atf(xl-, iAt), [ = 0,1,
« for sufficiently small At with t = iAt
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Reverse-time ODE

To simulate

dx; = f(x;, t)dt, X7 given
forO0 <t <T,setL =|T/At] and compute
Xi-1 =xi—Atf(xl-,iAt), l =L,L—1,“',1
for sufficiently small At > 0

Reversing time for ODEs is easy
« Mapping from x, to x is @ one-to-one map
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Forward-time SDE

e« To simulate
dxt — f(xt, t)dt + g(t)dwt, x0~p0
« for 0 < t, sample xy~p, and compute
Xjp1 = X; + Atf (x;, iAt) + g(iA)VAtz; =01,
« for sufficiently small At > 0 and z;~N(0,I)

5 Forward SDE over Time

10 A
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Reverse-time SDE

To simulate

dxt — f(xt, t)dt, +g(t)dwt,

XT~Pr

for0 <t <T,setL =|T/At] and compute

Xi—1 = Xj — Atf(xl-, lAt) — g(iAt)\/A_tZi,

i=LL—1-,1

This does not work. Rewinding time in SDEs takes more care

Incorrect Reverse SDE over Time
15

10 A

5-

0-

_5—

-10
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Generating samples by reversing the SDE

 For an SDE,
dxt — f(xt, t)dt + g(t)dwt, x0~p0
e has a corresponding reverse SDE, whose closed form is given by
dxe = [f(x,t) — g?(O)Vy, logpe (xp)|dt + g(O)dw,,  xr~pr
e dt represents a negative infinitesimal time step

* W, is a standard BM when time flows backwards from T to 0.
Ie Wt —_ WT — WT_t

e In order to compute the reverse SDE, we need to estimate
V, log p;(x) which is the score function of p,(x)

Reverse-time diffusion equation models
B. D. O. Anderson. Stochastic Processes and their Applications. 1982
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Generating samples by reversing the SDE

e In order to compute the reverse SDE, we need to estimate
V, log p;(x) which is the score function of p;(x)

Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw

.45 2 S

score functi
dx = [£(x, t) — ¢ (t)&x eEp: (x)]] dt + g(t)dw

Reverse SDE (noise — data)
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Estimating the reverse SDE with score-based models

e Solving the reverse SDE requires us to know the terminal
distribution p;(x), and the score function V, log p; (x)

« By design, p;(x) is close to the prior distribution (x) which is
fully tractable

 In order to estimate V, log p;(x), train a time-dependent score-
based model s4(x, t) such that

sg(x,t) = Vylogp:(x)

 This is analogous to the NCSM sg(x, i) used for finite noise
scales, trained such that sg(x, i) = V, log ps, (x)
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Estimating the reverse SDE with score-based models

 Training objective for sg(x, t) is a continuous weighted
combination of Fisher divergences, given by

Ec-u(om) [ A0 Exap, o 56 (x, £) — Vylogp, (1|12
« where U(0,T) denotes a uniform distribution over the time
interval [0, T] and A: R, — R, is a positive weighting function
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(Recap) Foundation of DDPM

al‘g;ninD(q (xp—11%¢) Il po (-1 2,) )

= argmin Ex,pyq,, [D(qCee—1lxe, x0) Il Po (-1 ]x0))]
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Foundation of score-based models

argénin Ex~pt(x)[ Isg(x,t) — Vylogpe(x) ”%]

— argénin EXNPdata(x)Ext"’p(xt|x) [ ||SQ (Xt, t) — th Ing(xtlx)“z]
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Estimating the reverse SDE with score-based models

 Training objective for sg(x, t) is a continuous weighted
combination of Fisher divergences, given by

Ec-u(om) | A0 Exep, o 56 (x, £) — Yy logp, (1) |12
« Where U(0,T) denotes a uniform distribution over the time
interval [0,T] and A: R, — R, is a positive weighting function

 The objective can be written as
Et ucom) ’)’(t)Ex"’pdata(x)Ext"’p(xt|x) [ |sgCxe, t)
2
- Uy, logp(xel0)|

« Typically, we use A(t) « 1/E [||th logp(xt|x)||z] to balance the
magnitude of different score matching losses across time
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Remark of the transition kernel p(x,|x)

« We typically need to know the transition kernel p(x;|x)

« When f(-,t) is affine, the transition kernel is always a
(conditional) Gaussian distribution, where the mean and variance
are often known in closed-forms
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Estimating the reverse SDE with score-based models

« Once our model sg(x,t) is trained to optimality, we can plug it
into the reverse SDE to obtain an estimated reverse SDE

dxt — [f(xtl t) o gz(t)se (xt; t)]dt + g(t)dwt

« We can start with x;~m and solve the above reverse SDE to
obtain a sample x, obtained in such way as pg

» If weighting function A(t) = g2(t), then
D(po(x) Il po(x))

T
< EEt~U(O,T) [A(t)Evapt(x)[ lsg(x,t) — V, 108Pt(x)||%]] + D(pr | )

Maximum Likelihood Training of Score-Based Diffusion Models
Y. Song, C. Durkan, I. Murray, S. Ermon. NeurlPS 2021.
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How to solve the reverse SDE

e By solving the estimated reverse SDE with numerical SDE
solvers, we can simulate the reverse stochastic process for
sample generation

e Euler-Maruyama method(analogous to Euler for ODESs)

e Small positive time step At = 0
e Initializes t = T, and iterates the following procedure until

t =0
Ax « [f(x,t) — g*(t)se(x, ©)]At + g(O)VALz
X —Xx+ Ax
t —t— At

 Here z~N (0, Atl)
o le xepar = xp — At[f(xp, ) — g2 (D) se(xr, )] + g () VALZ
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How to solve the reverse SDE

e By solving the estimated reverse SDE with numerical SDE solvers,
we can simulate the reverse stochastic process for sample
generation

e Other numerical SDE solvers can be employed for
example Milstein method and stochastic Runge-Kutta method
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Perturbing data with stochastic processes

Perturbed distributions

Po(x) p(x) pr(x)

§ ¥ Stochastic differential equation (SDE)

d _r----g-idt t)d
= =gBu + 9 pr(x)

Deterministic drift

IERSERS WLOG: Toy SDE
te10:7] dxt — O'(t) dwt
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Generation via reverse stochastic processes

Perturbed distributions
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Score-based generative modeling via SDEs

e Time-dependent score-based model
sg(x,t) = V,logp:(x)
e Training objective

Ecu(or) |A() Exep, (ol 156 (x,t) — Yy log p, () 13]]
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Score-based generative modeling via SDEs

Time-dependent score-based model

sg(x,t) = V,logp:(x)
e Training objective

Ecu(or) |A() Exep, (ol 156 (x,t) — Yy log p, () 13]]

 Incaseof dx; = a(t)dw, with 0 < t < T, the reverse-time SDE
IS
dxt — _O-Z(t)SQ (xt, t)dt + O-(t)dwt
e Euler-Maruyama method
Xe_ne = Xp — 0*(£)sg(x¢, )AL + 0(t)z
« where z~N(0, Atl)
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Predictor-Corrector sampling methods

e In addition, there are two special properties of our reverse SDE
that allow for even more flexible sampling methods:
 estimation of V, log p;(x) via time-dependent score-based
model sg(x,t)
« sampling from each marginal distribution p;(x)
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Predictor-Corrector sampling methods

e Thus, we can apply score-based MCMC approaches to fine-tune
the trajectories obtained from numerical SDE solvers
 We propose Predictor-Corrector samplers
e Predictor: any numerical SDE solver predicting
X pr~DPr_pae(x) from an existing sample x;~p;(x)
e Corrector: score-based MCMC procedure

e At each step of the Predictor-Corrector sampler, we first use the
predictor to choose a proper step size At > 0, and then predict
X;_p; Dased on the current sample x;

 Next, we run several corrector steps to improve the
sample x;_,; according to our score-based model
Sg(x¢_ps, t — At) so that x,_,, becomes a high-quality sample

from p,_s¢(x)
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Predictor-Corrector sampling methods

e Predictor-Corrector sampling
e Predictor: Numerical SDE solver
e Corrector: Score-based MCMC

Prior Perturbed distributions Data

—— Reverse-time SDE trajectories

pr(x) pt(x) Po(x)
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Results on predictor-corrector sampling

Table 1: Comparing different reverse-time SDE solvers on CIFAR-10. Shaded regions are obtained
with the same computation (number of score function evaluations). Mean and standard deviation
are reported over five sampling runs. “P1000” or “P2000”: predictor-only samplers using 1000 or

2000 steps. “C2000: corrector-only samplers using 2000 steps. “PC1000”: Predictor-Corrector (PC)
samplers using 1000 predictor and 1000 corrector steps.

Variance Exploding SDE (SMLD)

Variance Preserving SDE (DDPM)

fbl P1000 P2000 C2000 PC1000 P1000 P2000 C2000 PC1000

Predictor

ancestral sampling | 4.98+.06 | 4.88+ .06 3.62+.03 | 3.24+.02 | 3.24+.:2 3.21 +.02
reverse diffusion 479+ .07 | 4.74 + 08 2043 +.07 | 3.60+.02 | 3.21+.02 | 3.19+.02 | 19.06+.06 | 3.18 + .01
probability flow 1541+ .5 | 10.54 + .08 351+.04 | 359+ .04 | 3.23+ 03 3.06 + .03

Score-Based Generative Modeling through Stochastic Differential Equations
Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole. ICLR 2021.
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High-Fidelity Generation for 1024x1024 Images

Score-Based Generative Modeling through Stochastic Differential Equations
Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole. ICLR 2021.
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VE and VP forward SDEs

« The O-U process x; is defined by
dxt — _thdt + O-th
 where 8 > 0, 0 > 0 and w; is d-dim standard Brownian motion

« Two types O-U processes are primarily considered for the
forward SDE
e Variance-exploding(VE)
dx; = odw;
p(x¢|x0) = (x¢lyexo, of D), Ve = 1,0f = to?
e Variance -preserving(VP)
dx; = —0x:dt + odw;

2
o
p(x:1x9) = (x¢lyexo, Utzl): Ve = e_et» Utz = 20 (1 - e_ZGt)
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VE and VP forward SDEs

« Two types O-U processes are primarily considered for the
forward SDE
e Variance-exploding(VE)
dx; = odw;
p(xlxg) = (x¢lyexo, of D), e = 1,0f = to?
e Variance -preserving(VP)

dxt = _thdt —+ O-th
2
0)
p(xelxg) = (xelyexo, Utzl): YVt = e %, Utz = 20 (1 - e—zet)

e |n both cases,

p(x¢lxo) = (xelyexo, of D)
e |e. xtlxo = VYtXo + 0t€ where E"‘"N(O, I)
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General VE SDE

« Let g(t) be a non-decreasing function of ¢t

e General VE SDE:

do?(t)]
\ dt

p(x¢|xo) = N(x¢lyexo, Utzl); Ye = 1, Utz = Uz(t)

dxt — th

e Although the mean is preserved, the variance explodes
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General VP SDE

« Let §:[0,00) — R, be afunction

« General VP SDE:

dxt - _xtdt + \/ H(t th

p(xtlxo) = N(xth/txo; I),

Ye=e Zf H(S)ds tZ -1 — e—fOtH(S)dS

e |n particular,

t
Var(x,) =1+ e” Jo 0()as (yar(x,) — I)
« If Var(xy) = I, then
Var(x;) =1
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Training with O-U and DSM

e Using x;|xy = y:xo + o€ where e~N(0, I), the score function
simplifies to
YVeX — X¢ €
Vi, logp(xe|x) = ===

2
Ot O¢
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Variance exploding SDEs (SMLD)

Let q,(X|x) == N(’ic'|x,o'2]), qq(X) = fpdata(x)CIa(%lx)dx
Consider a sequence of positive noise scales ; < 0, < -+ < 0y,
Each perturbation kernel g, (¥|x) can be derived from the
following Markov chain:

Xi = Xi—1 + \/O'i2 — O-iz—lzi—l' [ = 1, ,L
« where z;_;~N(0,I), xo~Pgatq aNd g, := 0 to simplify the
notation
Data space Noise space

Pdata o 4o, 4o, ] .: oy
~ N(0, o7 1)
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Variance exploding SDEs (SMLD)

* In the limit of L — oo, {0;};_, becomes a function ¢(t) and z;
becomes z(t)
» The Markov chain {x;};_, becomes a continuous stochastic
process {x;};_o (or {x;,0<t <1}
o Let
XijL = X, o(i/L) = oy, z(i/L) = z;
« Then we can rewrite

x—xll+\/2—azlzl 1) (1 =1,-,L
. L-1).
« asfollowswith At =1/Landt € {O,—, —}
L L
do?(t
Xeppr = X¢ +/02(t + At) — 02()z; =~ x4 + dt( ) tz;
N
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Variance exploding SDEs (SMLD)

e In the limit of At — 0,

dlo?(t
xt+At=xt+\/0'2(t+At)—O'2(t)Ztzxt+ [ dt( )]\/A_tzt

\
e converges to
d|o?(t
dx, = lo=(t)] dw,
\ dt
« VE SDE always yields a process with exploding variance when

t > oo
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SDE in the wild (SMLD)

* In SMLD, the noise scales {g; iL:1 IS @ geometric sequence
e SMLD models normalize image inputs to the range [0,1]

 Since {o; iL:1 IS @ geometric sequence, we have
—1

i amax)m |
— |l = A = . — ) [ = 1’2, e L
’ (L) o Omin <0-min

t
 Inthe limit of L - oo, we have o(t) = opin (Zmax) fort € (0,1]

e Thus, the corresponding VE SDE is

o t o
dX; = Opin (ﬂ) \/2 log—=dwy,, t € (0,1]

min Omin

e and the perturbation kernel can be derived:
2t
p(x¢|x) =N <xt|x' O-r%lin (@) I)

Omin
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SDE in the wild (SMLD)

« There is one subtlety when t = 0: by definition g(0) = gy = 0

« However, g(0%) := tl_i)rgl+ o(t) = Opip # 0

« [t means that ¢g(t) for SMLD is not differentiable at t = 0

e Thus, we bypass this issue by always solving the SDE and its
associated probability flow ODE in the range t € [¢, 1] for some

smalle > 0.e.g8, e =107°
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Variance preserving SDEs (DDPM)

« Positive noisescales0 < By < B+ < B <1
 In DDPM, the Markov chain is

X =+1—=pixi—1++/bizi—1, i=12,-,L
e To obtain the limit of Markov chain when L = oo, define an
. . _ L .
auxiliary set of noise scales {8; = LB;}_. and rewrite x; =

A/ 1-— ,Bixi_l ~+ \/Ezi_l as below

Xi = 1 —&xi_l + %Zi—li [ = 1,°'°,L

Pdata
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Variance preserving SDEs (DDPM)

» Inthelimit of L - oo, {B; = Lﬁi}lebecomes a function B(t)

indexed by t € [0,1]
e Let

XijL = X, B(i/L) = p; z(i/L) = z;

« Then we can rewrite the Markov chain Ea.

/1_& 11+\/187 Zi_1, L 1., L

« asfollowswith At =1/Landt € O,—, T}

Xeoar = 1 — Bt + At)Atx, + /B (t + At)Atz,
~ x; — 1/2B(t + At)Atx, + /B (t + At)Atz,
~ x, — 1/2B(t)Atx, + /B (t)Atz,
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Variance preserving SDEs (DDPM)

e In the limit of At — 0,

1
XAt = X¢ — Eﬁ(t)Atxt + B ()VAtz,
e converges to

1
dx; = —E,B(t)xtdt + /B (t)dw;

« VP SDE vyields a process with bounded variance
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Converting the SDE to an ODE

Let {p; (%) }tefo,r7 De the marginal density functions of the
forward-time SDE

dxt — f(xt, t)dt + g(t)dwt, Xo~Po
and its reverse-time SDE

dxe = [f(x,t) — g?(O)Vy, logp: (xp)|dt + g()dw,,  xp~pr

* Then {p;(x)}¢efo,r7 is also the marginal density function of the
following reverse-time ODE

2
dxt f( t’t)_ ()

e This ODE defines a flow model a one-to-one mapping between
xp and x,

Vy, logpe(x,) | dt, XT~Pr
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Sampling generation via ODE

e Consider the particular forward-time SDE
dxt — _thdt + O-th, Xo~Po

« If T is sufficiently large, p~N(0, 0ZI)

e Consider the reverse-time ODE
2

o
dx, = (—th - 7th log pt(xt)> dt, Xp~Dr
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Converting the SDE to an ODE

Perturbed distributions

—
X ~
Mo
/
Po(x) p(x) pr(x)
SDE Ordinary differential equation (ODE)

2

o
dx, = —0x,dt + odw, <C—) dx, = <—0xt > Vy, log pt(xt)> dt
~ Sg(X,t)

Score function
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Converting the SDE to an ODE

Perturbed distributions

[V

po(x) pt(x) pr(x)

« We can think of this as a (continuous time, infinite depth)
normalizing flow
e Unique ODE solution implies invertible mapping
e« To invert, solve ODE backwards from T to 0
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Evaluating likelihoods with ODEs (flow model)

Probability distributions

ODE trajectories

(x) sg(x,t) > ODE {gg_(zc_)J o
Computing the probability density function
(change of variables formula)

10T
log pe(xq) = log w(x7) — §J o(t)itrace(Vysg(x,t))dt
0
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Competitive likelihoods on test data

Negative log-probability ! (bits/dim)

PixelSNAIL [Chen et al. 2018] 2.85 3.80
Delta-VAE [Razavi et al. 2019] 2.83 3.77
Sparse Transformer [Child et al. 2019] 2.80 -
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Accelerated sampling

Probability distributions

ODE trajectories

7(x) sg(x,1) > ODE Po(X)

e« Numerical methods + ODE formulation to accelerate sampling
« DDIM [Song and Ermon, 2021]:
e Coarsely discretize the time axis, take big steps
e Corresponds to exponential integrator (semi-linear ODE)
[Lu et al, 2022; Zhang and Chen, 2022]
e 10x-50x speedups, comparable sample quality
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